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Vector Identity 17

∇(x · a) = a+ x(∇ · a) + i(L× a)

where L =
1

i
(x×∇) is the angular momentum operator.

Proof

i(L× a) = i

{[
1

i
(x×∇)

]
× a

}
= (x×∇)× a

=

( 3∑
i=1

δixi

)
×

 3∑
j=1

δj
∂

∂xj

×
(

3∑
k=1

δkak

)

=

 3∑
i=1

3∑
j=1

(δi × δj)xi
∂

∂xj

×
(

3∑
k=1

δkak

)

=

 3∑
i=1

3∑
j=1

3∑
l=1

δlεlijxi
∂

∂xj

×
(

3∑
k=1

δkak

)

=
3∑

i=1

3∑
j=1

3∑
k=1

3∑
l=1

(δl × δk)εlijxi
∂

∂xj
ak

=
3∑

i=1

3∑
j=1

3∑
k=1

3∑
l=1

3∑
m=1

δmεmlkεlijxi
∂

∂xj
ak

=

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

3∑
m=1

δmεlkmεlijxi
∂

∂xj
ak

=

3∑
i=1

3∑
j=1

3∑
k=1

3∑
m=1

δm(δkiδmj − δkjδmi)xi
∂

∂xj
ak

=
3∑

i=1

3∑
j=1

3∑
k=1

3∑
m=1

δmδkiδmjxi
∂

∂xj
ak −

3∑
i=1

3∑
j=1

3∑
k=1

3∑
m=1

δmδkjδmixi
∂

∂xj
ak

=
3∑

i=1

3∑
j=1

3∑
k=1

δjδkixi
∂

∂xj
ak −

3∑
i=1

3∑
j=1

3∑
k=1

δiδkjxi
∂

∂xj
ak

=
3∑

j=1

3∑
k=1

δjxk
∂

∂xj
ak −

3∑
i=1

3∑
j=1

δixi
∂

∂xj
aj
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Note
∂

∂xj
xkak = xk

∂

∂xj
ak + ak

∂

∂xj
xk

and continue the simplification.

i(L× a) =

3∑
j=1

3∑
k=1

δj

(
∂

∂xj
xkak − ak

∂

∂xj
xk

)
−

3∑
i=1

3∑
j=1

δixi
∂

∂xj
aj

=

3∑
j=1

3∑
k=1

δj
∂

∂xj
xkak −

3∑
j=1

3∑
k=1

δjak
∂

∂xj
xk −

3∑
i=1

3∑
j=1

δixi
∂

∂xj
aj

=
3∑

j=1

δj
∂

∂xj

(
3∑

k=1

xkak

)
−

3∑
j=1

3∑
k=1

δjakδjk −

(
3∑

i=1

δixi

)
3∑

j=1

∂

∂xj
aj

=
3∑

j=1

δj
∂

∂xj

(
3∑

k=1

xkak

)
−

3∑
j=1

δjaj −

(
3∑

i=1

δixi

)
3∑

j=1

∂

∂xj
aj

= ∇(x · a)− a− x(∇ · a)

Therefore,
∇(x · a) = a+ x(∇ · a) + i(L× a),

where

L =
1

i
(x×∇).
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